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Abstract 

The 0(3) nonlinear sigma model with its U{1) subgroup gauged, where the 
gauge field dynamics is solely governed by a Chern-Simons term, admits 
both topological as well as nontopological self-dual soliton solutions for a 
specific choice of the potential. It turns out that the topological solitons 
are infinitely degenerate in any given sector. 
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The 0(3) sigma model in 2 + 1 dimensions is exactly integrable [Q in the Bogomol’nyi 
limit 1^. The stability of these soliton solutions are guarantied by topological arguments. 
However, the solitons in this model, which can be expressed in terms of rational functions, 
are scale invariant. Due to this conformal invariance, the size of these solitons can change 
arbitrarily during the time evolution without costing any energy. In fact, numerical 
simulation of these soliton solutions indeed supports such a behaviour |^. Naturally, 
the particle interpretation of these solitons upon quantization is not valid. There are 
several ways to break the scale invariance of this model . Construction of Q-lumps ^ 
is one such example where the scale invariance is broken by including a specific potential 
term in the sigma model. The collapse of the soliton’s size in this model is prevented by 
making a rotation in the internal space of the held variables. These hnite energy solitons 
are necessarily time-dependent with a constant angular velocity. Very recently, it was 
shown that the scale invariance of the 0(3) sigma model can also be broken by gauging 
the U{1) subgroup as well as including a potential term 0. However, in contrast to the 
Q-lump case, no rotation in the internal space of the scalar held variables is necessary. 
These soliton solutions are static with zero charge and angular momentum and though 
the energy is quantized, hux is not. It is worth enquiring at this point whether or not 
static soliton solutions with nonzero but hnite charge and angular momentum is possible 
in any version of gauged 0(3) sigma model. 

In this context it is worth recalling that static solitons in 2 + 1 dimensional abelian 
Higgs model acquire nonzero charge and angular momentum in the presence of the 
Chern-Simons ( CS ) term [^j. The purpose of this letter is to show that the gauged 
0(3) sigma model with the gauge held dynamics governed solely by a CS term indeed 
admits soliton solutions with broken scale invariance. To put it in another way, in gauged 
sigma model with pure CS term one can study the breaking of scale invariance of the 
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solutions due to two simultaneous remedies, (i) gauging of the U{1) subgroup and (ii) 
making the static solitons spin in the internal space. The study of soliton solutions in 
gauged sigma model with a CS term is also well motivated due to its possible relevance 
in planar condensed matter systems where a charge-flux composite obeying fractional 
statistics plays a major role 0. 

We show that the specihc form of the scalar potential which is required in order to 
have Bogomol’nyi bound @] allows us to have two different kinds of soliton solutions. In 
one case the stability is guarantied by topological arguments, while for the other no topo¬ 
logical criteria can be made to establish the stability of the solitons. The behaviour of 
the held variables for the later one is very similar to the self-dual nontopological vortices 
in pure CS theory . Hence, we refer them throughout this paper as nontopological 
solitons. As far as we are aware off, this is the hrst instance when both topological and 
nontopological soliton solutions simultaneously exist in modihed 0(3) sigma model. The 
hux, charge and angular momentum is not quantized for either the topological or the 
nontoplogical solitons. However, the energy is quantized in case of topological solitons, 
while it is not quantized for the nontopological solitons. In particular, soliton solutions 
in any given topological sector with degree N have same energy but different charge, 
hux and angular momentum characterized by a parameter Pi ( to be dehned below ) 
which continuously interpolates within the range 0 < Pi < 1 — Consequently, the 
topological solitons are inhnitely degenerate in each sector. Both the energy density and 
the magnetic held in this model for nontopological solitons are concentrated around two 
concentric rings with diherent radii. The magnetic held has doubly degenerate maxima, 
while the energy density has two non-degenerate maxima. 

Let us consider the following Lagrangian, 


^ ^ (l + fis.cpj (l - 


2k^ 


( 1 ) 
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where 0 is a three component vector 0 = 0ihi + ^ 2 h 2 + ^ 3 h 3 with unit norm, i.e. = 1, 
in the internal space spanned by the three unit vectors hi, h 2 and n^. We work here in 
Minkowskian space-time with the signature = (1,—1,—1). The velocity of light c 
and the Planck’s constant in units of ^ are taken to be unity. In this case the coefficient 
of the CS term (k) has dimension of the inverse mass. The factor ^ in front of the 
potential term in (|^ is chosen so as to have a Bogomol’nyi bound. The soliton solutions 
in (|l]) can be studied away from the Bogomol’nyi limit by replacing this factor with any 
constant having mass dimension 2. 

The covariant derivative D^cf) is dehned as 

= d^(j) + X (j). (2) 

The Lagrangian ( |l| ) is invariant under a SO{2) iso-rotation around the axis h^. In 
fact, one can use the identity D^(l).D^(j) = | + i(t) 2 ) to see 

the local U{1) nature of it. The potential has two degenerate minima at 03 = ±1. The 
constraint 0.0 = 1 essentially implies that 0i and 02 are zero in case 03 = ±1. As a 
result, the local SO{2) ( or 17(1) ) symmetry is not broken spontaneously. Note that 
the gauge held dynamics is solely governed by a CS term. This is justihable in the long 
wave length limit where the Maxwell term being a double derivative term ( compared 
to the CS term ) can be dropped from the action. 

The equations of motion which follow from (2) are 

Df,J^ = — \{h3 X 0)(1 - h3.0)^(1 2h3.0) (3) 

f = (4) 

where the current is dehned as 

> = 0 X D'^0 (5) 
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and the U{1) current is In obtaining Eq. (|^) the constraint = 1 is 

taken care of by use of a Lagrange multiplier though not mentioned explicitly in (p. 
The zero component of Eq. (p, i.e. the Gauss law implies that the held conhgurations 
with nonzero magnetic hux d) essentially carry nonzero U{1) charge Q = —k^. 

The energy functional E can be obtained by varying with respect to the back¬ 
ground metric and CS term being a topological term does not contribute to it, 


E = ^ I d?x 


J (fx + ,2 


( 6 ) 


The potential Aq has been eliminated by using the Gauss law. The energy functional 
(^) can be rearranged as 
1 


E = 


J (fx {pi$ ± eij(p X Dj(pj + T “2 (1 + <^ 3 ) (1 - hf 




±47r J cPxKq, i,j = 1,2 


(7) 


where Ko is the zero component of the topological current dehned as, 

1 


K = _fT 

^ Svr 


DP(p + E’^P (l-hs. 


( 8 ) 


The energy in Eq. 0 has a lower bound E > AttT in terms of the topological charge 
T = J (ExKq. The bound is saturated when the following Bogomol’nyi equations are 
satished. 


Di(j) ± Eijcj) X Dj(l) = 0, 


(9) 


Fi2 T ^ (1 + 03) (1 — 03)^ — 0. (10) 

One can check that these Bogomol’nyi equations are consistent with the second order 
held equations (j^). 

Using the stereographic projections. 


5 










4>2 

Ul = , , , , U2 = 


( 11 ) 


1+03 1 + 03 

where u = Ui + m 2 is a complex-valued function, Eqs. @ and (p!0[) can be conveniently- 
written as, 

o| |4 

{di + iAi)u = Ti{.d 2 + iA 2 )u, F 12 = ±- -(12) 

(1 + I M I 

The decoupled equation in terms of u is obtained away from the zeroes of u as, 

^ I"= *i2^3 - (13) 

(1 +1M I y 

No exact solution is known for the Eq. (^). 

In order to study the numerical solutions of the Bogomol’nyi equations, we choose a 
rotationally symmetric ansatz for the held variables. Our choice is Q 


0i(p, 0) = sinf{r) cosN6, 02(p, 6*) = sinf{r) sinN6, 
03(p, 6) = cosf{r), A{p, 6) = 


Kr 


(14) 


where /(r) is an arbitrary function and dimensionless length r = + is an integer and 
also dehnes the degree of a topological soliton as will be seen below. The Eqs. and 
(pT|) after substitution of ( |T^) reduce to 


® + 1 

'2 


/'(r) = ±2A^ —— sin^ ^^^2 ’ ~ sin^ 


2r 

'iv' 


(15) 


The equations in ([T5|) with upper sign is related to those with lower sign by the trans¬ 
formations /(r) —»• —f{r), r ^ r, a ^ a and N —>■ —N. Here we consider the lower sign 
with positive N. 


The Eq. (p+D is invariant under the transformation /(r) —> /(r) -|-27r. So it is enough 
to study the above equations with /(r) having any value between 0 to 27r. Introducing 
two new variables Xi(r) = n + f{r) and X 2 (^) = tt — /(r) and keeping a{r) unchanged. 
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one can easily check that the Xi(r), X 2 {j') and a(r) satisfy the same Eq. (pISl). The 
implication of this is that for a particular prohle of a(r), the solutions for /(r) are 
symmetric about /(r) = vr. Thus we can further restrict the asymptotic values of /(r) 
between 0 and vr. Once a solution is presented within this interval, it automatically 
follows that there is a symmetric solution around /(r) = tt in the interval vr to 2tt. Also 
note that the right hand side of Eq. (P!5|) for the gauge held is always negative ( in 
the case of lower sign ). So, a(r) is a decreasing function independent of what specihc 
boundary condition we choose for the held variables. 

The regularity of the held variables near the origin demands that for hnite energy 
solutions /(O) = TT and a(0) = 0. However at the inhnity /(r) can take the value either 
0 or TT with a{r) approaching some constant. The topological charge for the former case 
is N, an integer. As a result, the stability of the solutions for these boundary conditions 
is of topological nature. However, when /(r) approaches tt at inhnity, the topological 
charge dehned in (||) is not an integer. So, no topological arguments can be used to 
establish the stability for solutions with these boundary conditions. At this point note 
that the two diherent conditions on /(r) at inhnity are possible only because of the 
particular form of the potential. It is worth pointing out that a similar situation also 
occurs in self-dual pure CS theory |Q. In fact, as we shall see below, the prohles of 
/(r) and a(r) for / —;> vr at inhnity is similar to the prohles of the corresponding held 
variables for the nontopological solitons in the self-dual pure CS theory. Hence, we refer 
these solutions ( /(r) —>• tt at inhnity ) as nontopological solitons. 

Let us hrst study the prohles of held variables for topological solitons. The boundary 
conditions are 


/(O) = TT, a(0) = 0, /(r ^ oo) = 0, a(r ^ oo) = 


(16) 


Near the origin, i.e. near / = vr, Eq. (lA) in terms of X 2 ('f’) = tt — /(r) reduces to 
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Liouville equation^. Hence for small r, X 2 {'r) can be approximated as, 


X2(r) = V2{N + 1) 


ro 


/ r 

rj \roJ 


-1 


(17) 


with the leading behaviour being X 2 {'>') = where oq is related to the constant ro in 
(O)- Consequently, the gauge held a{r) behaves near the origin as. 


2(A^+1) /r\^+i 
=- ^7 -( -) 


N 


ro. 


(v) 


A^+1 / T \ 


-1 


(18) 


with the leading behaviour being a(r) = where bo is again related to rg. At 

inhnity, the behaviour of X 2 {r) and a(r) are, 

X2{r) = TT + + O 

a(r) = -P, + + O (ig) 

where cq, ci, do and di are arbitrary constants. It follows from the above equations 
that Pi < 1 — ^ in order to have nonsingular held variables. As a consequence , 
— 1 < a(r) < 0 for solitons of any degree, since a(r) is a decreasing function of r and 


a(0) = 0. Since —1 < a(r) < 0, it immediately follows from the hrst equation of (pA]) that 
/(r) is a decreasing function of r. We have integrated Eq. (0) numerically for AZ = 1 
and 2. Solutions for /(r) and a(r) indeed exist for any Pi in the interval 0 < A < 1-^. 


The details will be published elsewhere |12 


The topological solitons are characterized by the energy E = dvrAZ, magnetic hux 
$ = 271NPi, charge Q = and angular momentum A = T7t7N‘^Pi{2 — Pi). Note that 
though the energy is quantized, the magnetic hux, charge and angular momentum are 
not. Thus, for a hxed N there are a family of solutions characterized by the parameter 


z^All the solutions, near the origin and at infinity, given in this paper are obtained by neglecting 
terms of the order of X 2 ^ in Eq. 15. 













(3i which can take any valne between 0 and 1 — This essentially implies that these 
solntions are inhnitely degenerate. This is reminiscent of degenerate topological vortex 
solntions in a generalized Maxwell-CS theory considered in Ref. . 

The bonndary conditions for the nontopological solitons are, 


/(O) = TT, a(0) = 0, /(r ^ cx)) = TT, a(r ^ cx)) = -/? 2 . 


( 20 ) 


The behavionr of /(r) and a(r) near origin for the nontopological solitons are still given 
by (pTl) and ([T^) respectively. The behavionr of the field variables at inhnity can be 
approximated as, 


+ I-V 


V r / [V r / Vri/ 


-1 


( 21 ) 


where 5 = NP 2 — — 1. The behavionr of a(r) at inhnity demands that P 2 > 1 + 

However, stronger lower bonnd on P 2 can be pnt by nsing the following argnments. X 2 {r) 
solves Lionville eqnation with the solntion as given in (p!7D in the limit X 2 (^) << 1- The 
corresponding a(r) takes the valne —2(1 + ■^) at inhnity. So the lower bonnd on /?2 
follows immediately as /32 > 2(1 + T). it is worth mentioning at this point that 
similar argnments can not be valid for topological solitons. The reason being that the 
condition X 2 {'>') << 1 all over the space does not hold for any soliton solntions in that 
case. Becanse of the lower bonnd on P 2 , ci{r) + 1 is no more positive dehnite and hence 
as we go away from the origin, /(r) decreases np to some point r = R where a{R) = —1 
and then increases for r > R reaching tt at inhnity. 

We have integrated Eq. (^) nnmerically with the bonndary conditions (^OD given 
above for nontopological solitons. The prohle of /(r) is plotted in Fig. 1 for = 1 with 
P 2 = 4.23, 5.41 and 12.25. The magnetic held B{r) = —F 12 is plotted in Fig. 2 for the 
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same values of (52 and N. Notice that for /?2 = 5.41 and 12.25, the magnetic held has a 
doubly degenerate maxima, while for (32 = 4.23 there is no such degeneracy. This can 
be explained as follows. The magnetic held written in terms of /(r) using the second 
equation of (^) reads as, 

B = {l + cosf{r)){l — cosf{r)Y (22) 


One can easily check that at the point of minimum of /(r), say at r = r, the magnetic 
held becomes maximum if cosf{r) > — |- On the other hand, r = f is a local minimum of 
B{r) if cosfijr) at that point is less than — i. Also the point corresponding to cosfijr) = 
— I is a point of maximum for the magnetic held. Now notice from Fig. 1 that for 
/?2 = 4.23, cosf{r) is greater than —| ( i.e. / > 1.91 ) all over space. So, in this case 
the minimum of /(r) corresponds to the maximum of B{r). However, for (32 = 5.41 
and 12.25 the minimum of /(r) occurs below 1.91. As a result, the minimum of /(r) 
corresponds to local minimum of B{r). The maximum of B{r) occurs at that point 
for which cosf{r) = — i. Now observe that this is true for two diherent values of r. 
Hence, the maxima of B{r) is doubly degenerate with a local minimum corresponding 
to the point of minimum of /(r). It is also obvious that the maxima of B{r) can be at 
most doubly degenerate as 0 < /(r) < vr for any solution with arbitrary degree N. We 
have checked that the distance between these two points of maxima increases as we take 
higher and higher values of /? 2 - We found numerically that the energy density also has 
two maxima which are however not degenerate with the absolute maxima occurring at 
the point nearer to the origin. The electric held is also quite different from that of the 
pure CS case . 


The nontopological solitons are characterized by the energy E = AnN(32, magnetic 
hux <l> = 271N(32, charge Q = —k^ and angular momentum A = nN‘^/32{2. — (32). For 
these solutions, the energy per unit charge is given by |^ = m, where m = ^ is the 
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mass of the elementary excitation in the theory. Thus, these nontopological solitons are 
at the threshold of the stability against decay into the elementary excitations. 

We now show that both topological as well as nontopological soliton solutions can 
also be obtained in a gauged sigma model with both the Maxwell and the CS term. 
However, a neutral scalar held interacting with the 0(3) held variables in a specihc 
manner is necessary in order to have Bogomol’nyi bound. The model we consider is 
given by, 

--0^ (1 + hs.cpj (^1 - hs-cj^ - ^( 1 - n't/;- h^.cpj (23) 


where is a neutral scalar held and A is a constant with dimension of inverse mass. The 
Bogomol’nyi equations for static soliton solutions can be obtained following Ref. |1^ as 


X Djcf) = 0, 


Fi(j) it dij 

Ho ± -0 = 0, diAo = 0 


Fi2 T p (1 - 03 - = 0, 


(24) 


The topological solitons are obtained when 03 1, 

topological solitons 03 —> — 1 and 0 —^ ^ at inhnity. 
as well as relevant details will be published elsewhere 


0 —0 at inhnity, while for non- 
The prohles of the held variables 

PI. 
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FIGURES 

FIG. 1. A plot of /(r) as a function of r for N = 1 nontopological soliton solutions with 


(a) P 2 = 4.23; (b) (32 = 5.41 and (c) P 2 = 12.25. 

FIG. 2. A plot of the magnetic field B{r) as a function of r for N 

soliton solutions with (a) (32 = 4.23; (b) (32 = 5.41 and (c) (32 = 12.25. 


1 nontopological 
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